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Abstract
The phase diagram for lysozyme is calculated for the precipitant salt NaCl using a potential of mean force that
takes into account contributions from ion-dispersion forces(J.Phys.Chem.B, 110, 24757). In contrast to the perturba-
tion theory calculation, we ﬁnd that the lysozyme phase diagram with NaCl has a metastable ﬂuid-ﬂuid coexistence
curve. We also compare our predicted phase diagram with experimental results in the case of NaCl. Our results
suggest that a reﬁned version of the current model is necessary to account quantitatively for the experimental phase
diagram of lysozyme.
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1. Introduction
Understanding the Hofmeister eﬀect in globular proteins in aqueous electrolyte solutions is of particular impor-
tance, since the phase transitions, self-assembly and aggregation of proteins in solution are of fundamental and prac-
tical importance [2]. For example, it is important to understand the initial conditions necessary to grow high quality
protein crystals, including the important role of the precipitating agent, such as salt, in order to prepare defect-free
samples that are suitable for x-ray crystallography. In addition, there are several diseases that result from undesired
protein condensation (aggregation) from solution. These include sickle cell anemia [3, 4, 5], certain types of cataracts
[6, 7] and Alzheimer’s disease [8, 9]. Thus, understanding the physical conditions that lead to such condensation is
important in order to determine possible means by which to slow down or prevent the process from occurring. As a
consequence it is of great importance to understand the Hofmeister eﬀect on the phase diagram and crystal nucleation
rate of aqueous solutions of proteins. In this paper we focus on the role of salt on equilibrium properties; in particular,
we calculate the phase diagram of lysozyme for sodium chloride, using a recent calculation of the lysozyme potential
of mean force (PMF) that includes the eﬀect of the ion-dispersion forces for these salts [1]. Their calculation of the
PMF also includes a screened Coulomb interaction between the lysozyme molecules. In reference [1], Bostro¨m et al.
have shown that the inclusion of ion-speciﬁc dispersion potentials gives rise to ion-speciﬁc phase diagrams, as one
would expect for systems which exhibit the the Hofmeister eﬀect. Using their salt based PMF contribution to the total
potential, they calculated phase diagram for the NaCl-lysozyme solution, among other salt solutions, by using a ﬁrst
order Barker-Henderson perturbation theory [10, 11] for the liquid and the solid phases. In particular, they found that
the liquid-liquid curve was stable with respect to the solubility curve for NaCl.
It is well known that a ﬁrst order perturbation theory is not quantitatively accurate; thus it is of interest to obtain
more accurate phase diagrams for these systems. In this paper, we address this question using the Bostro¨m et al. model
[1] for NaCl to predict the corresponding phase diagram using systematic Monte Carlo techniques. In particular, we
investigate the predicted stability NaCl obtained from perturbation theory. Our results show that in contrast to the
prediction of perturbation theory, the ﬂuid-ﬂuid phase separation curve is metastable for the NaCl solution.
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The remainder of the paper is as follows: in section II we summarize the model while in section III we review the
relevant simulation techniques necessary to obtain the liquid-liquid and liquid-solid phase diagrams. In Section IV
and V we present a discussion of our resulting phase diagrams and a brief conclusion, respectively.
2. Model and Simulation Techniques
2.1. Model
Using Monte Carlo simulations, Bostro¨m et al. [1] calculated the PMF, WMC , between two macroions that mimic
lysozyme molecules in an aqueous salt solution, by ﬁxing the distance between the macroions and allowing the small
salt ions to move. The calculation included contributions from the ion-ion, ion-macroion and macroion-macroion
electrostatic interactions. In addition, they considered contributions from ion-ion and ion-macroion dispersion forces.
The macroion-macroion van der Waals dispersion interaction was not included in the Monte Carlo calculation, but
added separately. The concentration of the salts was held constant at 0.2M. At this relatively large salt concentration,
the Debye length is such that the electrostatic forces are strongly screened. Consequently, ion dispersion forces
dominate the electrostatic forces in this regime. They repeated the simulation for diﬀerent macroion separations and
thus determined the PMF for NaCl among other salts. The solute particle was chosen to mimic properties of hen-
egg-white (HEW) lysozyme, i.e. it has a net charge of 10e and diameter of 3.3nm. The total interaction between
two lysozyme molecules in the aqueous solution obtained in reference [1] is the sum of a hard core interaction,WHS ,
the potential of mean force obtained from a Monte Carlo simulation, WMC , and the protein-protein van der Waals
(Hamaker) dispersion interaction, WvdW , i.e.
Wtot = WHS +WMC +WvdW (1)
where
WvdW (r) = − H12(
σ2
r2 − σ2 +
σ2
r2
+ 2 ln(1 − σ
2
r2
)), r > σ + 2κ (2)
and
WvdW (r) = WvdW (σ + 2κ), σ < r ≤ σ + 2κ. (3)
The hard sphere potential is inﬁnite for r < σ and zero otherwise. The potential WMC is set to zero for r > 1.3σ. The
lysozyme-lysozyme dispersion interaction assumes a hydration-layer thickness of κ = 1.5Å and a Hamaker constant
of H = 10kT0 where T0 = 298K. In addition, the total potential is assumed to be temperature independent for the
range of temperatures that we study [1].
2.2. Simulation Techniques
All of our Monte Carlo simulations for Wtot were conducted for a system of 512 particles in cubic boxes subject
to periodic boundary conditions. The same number of Monte Carlo steps were performed for both equilibration and
production, although the total number varied depending on the type of simulation.
2.2.1. Fluid-Fluid Coexistence
We used the Gibbs Ensemble Monte Carlo method [12, 13] to obtain the ﬂuid-ﬂuid coexistence curve. This
method avoids problems associated with the formation of an interface between the dense and dilute ﬂuid phases. Two
physically separate but thermodynamically connected simulation cells are used to mimic the two ﬂuid phases. Stan-
dard particle displacements are performed within each simulation cell; in addition, volume and particle exchange are
performed between the two cells. These exchanges are chosen such that the total volume and number of particles of
the system are conserved and the simulations obey detailed balance. On average, we chose the ratio of particle dis-
placements to volume moves to be 512:1; the frequency of particle transfers was chosen to give reasonable acceptance
rates of approximately 1-5%. The equilibrium and production run times were at least one billion Monte Carlo steps
(MCS) each, with a MCS being an attempt at one of three possible moves: particle displacement, volume change or
particle exchange.
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2.2.2. Fluid-Solid Coexistence
Fluid-solid coexistence curves can often be determined via the Gibbs-Duhem method [14]. This method involves
integrating the ﬁrst-order Clausius-Clapeyron equation.
dP
dβ
= − Δh
βΔv
(4)
One caveat to this approach is that it requires the knowledge of an initial coexistence point on the βP − βμ plane.
Consequently, we carried out a series of NPT simulations along an isotherm to determine the equation of state for
both the ﬂuid and solid phases. The equilibrium and production times for each NPT simulation were taken to be equal
and at least 400 million MCS.
The isotherms were then ﬁtted to the following forms:
βP =
ρ
(1 − aρ) + b
ρ
(1 − aρ)2 + c
ρ
(1 − aρ)3 (Liquid) (5)
βP = aρ2 + bρ + c (Solid) (6)
where ρ is the number density. Equations (5) and (6) are integrated to yield free energy for the corresponding
state, and since
βμ = β f + β
P
ρ
(7)
we can obtain the equations for the chemical potential:
βμl = ln(
ρΛ2
1 − aρ ) +
b/a − c/a2 + 1
1 − aρ +
c/2a2 + bρ
(1 − aρ)2 +
cρ2
(1 − aρ)3 − (b/a − c/2a
2 + 1) (8)
βμs = 2aρ + b(ln ρ + 1) − (aρ∗ + b ln ρ∗ − c/ρ∗) + β f ex(ρ∗) + ln(Λ2ρ∗) − 1 (9)
Table I shows the parameters that best ﬁt our Monte Carlo data for the liquid and solid isotherms for the two salts.
Table 1: Best ﬁt parameters for isotherms.
Salt Isotherm a b c
NaCl Liquid 0.5482 -0.9596 0.9599
Solid 1410.16 -3028.45 1625.95
The ρ∗ in equation (9) is a result of the integration and denotes a reference state whose free energy must be
determined from a series of independent simulations. We calculated the free energy for such a state using the Frenkel-
Ladd method [15], in which a solid is coupled to harmonic springs, i.e an Einstein lattice. Brieﬂy, this method involves
constructing a reversible path from the system in question to a system of known free energy: the Einstein lattice. This
can be accomplished with the following parametrization
W(λ) = Wtot + λ
∑
(r − rlattice)2 (10)
where the mean square displacement of particles relative to their lattice positions are calculated by simulation in a
system with a ﬁxed center of mass.
3. Results
Our Monte Carlo results yield a metastable ﬂuid-ﬂuid phase for the 0.2M NaCl lysozyme solution, Fig. 4. This is
not surprising since the range of attraction is small with respect to the particle diameter. A measure of the metastability
of the phase separation curve is the so-called metastability gap, deﬁned as (TL − Tc)/Tc. For NaCl we ﬁnd that this
gap is 8.1%.
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Figure 1: Phase diagram obtained from Monte Carlo simulations for the aqueous lysozyme solution with NaCl electrolyte at 0.2M. The ﬂuid-ﬂuid
separation curve is metastable.
Estimates of the critical points for our ﬁnite system were obtained by ﬁtting the ﬂuid-ﬂuid coexistence data to the
following equations
ρl + ρg
2
 ρc + A|T − Tc| (11)
ρl − ρg  B|T − Tc|β (12)
where Tc and ρc are the critical temperature and density, respectively, and β  0.326 is the 3D-Ising critical exponent.
Finite size eﬀects would have to be taken into account to obtain the critical point parameters for the inﬁnite system.
Table II contains a summary of the critical parameters and ﬁtting parameters for NaCl system.
Table 2: Critical parameters.
Salt Tc/T0 ρc A B B2∗
NaCl 0.700 0.392 0.54 1.69 -1.42
In addition, we have calculated the reduced second virial coeﬃcients at the critical temperature,
B2
∗ ≡ B2/B2HS = 1 + 3
∫ ∞
1
s2(1 − e−βWtot(s))ds (13)
where s ≡ r/σ,for each system. We ﬁnd that, B2∗ is small and negative, consistent with experimental observations
for systems that undergo metastable ﬂuid-ﬂuid transitions. In particular, for lysozyme solutions with 0.2M NaCl, the
experimental reduced second virial coeﬃcient is estimated to be -0.5 (see, e.g. ref. [21]).
To the best of our knowledge, no experimental data exists for a 1 % NaCl lysozyme solution, nor does any
experimental data on phase diagrams exist for NaSCN lysozyme solutions. However, for solutions with 3% or greater
concentrations of NaCl, experimental data is available. This data does indeed show the presence of a metastable
ﬂuid-ﬂuid phase for salt concentrations greater than 3%. To facilitate comparison, we plot in Fig. 5 the liquid-liquid
phase diagram of our MC results with the experimental results for 3% NaCl [16]. Both plots are scaled with their
respective critical parameters. The experimental liquid-liquid curve for 3% is broader than that obtained from our
Monte Carlo calculation for about 1%; as well, the estimated experimental critical temperature is signiﬁcantly higher
than the simulation results. In the case of NaCl, it seems clear that this potential of mean force does not explain the
quantitative features of the phase diagram of lysozyme.
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Figure 2: Bold circles are experimental liquid-liquid phase diagram for a lysozyme solution of .51M NaCl scaled with respect to its experimental
critical values. Thin circles are the simulation results with a NaCl solution of 0.2M scaled with respect to the simulation critical values.
4. Conclusion
Our predicted phase diagrams for the NaCl lysozyme solution has been obtained using standard Monte Carlo
techniques. It is clear that the model we study is an improvement over earlier models of lysozyme in that it can
account at least qualitatively for the Hofmeister eﬀect. However, we ﬁnd that our results are rather diﬀerent than those
predicted by Bostro¨m et al. as one might expect. In both cases, the liquid-liquid curve is metastable with respect to
the liquid-solid transition. In contrast to the predictions of ﬁrst order perturbation theory, our results show that the
liquid-liquid curve for the NaCl system is slightly metastable with a gap of 8%.
Also, as noted in the previous section, the experimental liquid-liquid curve for 3% NaCl concentration is broader
than that obtained from our Monte Carlo calculation for about 1% NaCl concentration. As well, the estimated ex-
perimental critical temperature is signiﬁcantly higher than the simulation results. There are several possible reasons
for these discrepancies. First, the potential of mean force for NaCl is for a salt concentrations of 0.2M or about 1%,
while experimental data is only available for concentrations of 3% or greater. Second, it is possible that the potential
of mean force calculated in reference [1] needs to be improved. Another eﬀect that might need to be investigated is
the eﬀect of the buﬀer on the potential of mean force. The buﬀer is usually added to obtain the right pH and otherwise
is assumed to have no further inﬂuence, but it is conceivable that there could be large buﬀer eﬀects on the potential of
mean force [17]. Third, it is possible that isotropic models such as these cannot account for such quantitative features
as the breadth of the coexistence curve and that one must take into account the eﬀects of anisotropy [18, 19, 20] on
the interactions that can arise from a variety of sources, including that of water. It has been demonstrated in model
studies of anisotropy that its net eﬀect on the liquid-liquid curve has been to broaden it [18], which could potentially
remedy one of these discrepancies and warrant further study of an anisotropic version of this model.
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